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Abstract
We give a necessary and sufficient condition in terms of a matrix
for which all Tate classes are Lefschetz for simple abelian varieties over
an algebraic closure of a finite field. As an application, we prove under
an assumption that all Tate classes are Lefschetz for simple factors of
Fermat Jacobian of prime degree.
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1 Introduction
Let p be a prime number. Let Fp be a finite field with p-elements and let F
be a fixed algebraic closure of Fp. Let ℓ be a prime number different from p.
Let A0 be an abelian variety over a finite subfield Fq of F and let A be the
abelian variety A0 ⊗Fq F over F. There is the cycle map
cliA : CH
i(A)⊗Qℓ −→ H
2i(A,Qℓ(i)),
where CHi(A) is the Chow group of algebraic cycles on A of codimension i
modulo rational equivalence, andH2i(A,Qℓ(i)) is the ℓ-adic e´tale cohomology
of A. Then we know that the image of the map cliA is contained in the space
T iℓ (A) of ℓ-adic Tate classes of degree i on A which is defined as follows:
T iℓ (A) := lim−→
L/Fq
H2i(A,Qℓ(i))
Gal(F/L).
∗The author is supported by JSPS Research Fellowships for Young Scientists.
1
Here L/Fq runs over all finite extensions of Fq. We call the elements of the
image of cliA the algebraic classes of degree i.
Conjecture . For all i ≥ 0, Im(cliA) = T
i
ℓ (A).
This is conjectured by Tate [14, Conjecture 1]. In this paper, we call
the conjecture the Tate conjecture. The Tate conjecture for A implies the
Tate conjecture for A0/Fq, that is, the cycle map cl
i
A0
: CHi(A0) ⊗ Qℓ −→
H2i(A,Qℓ(i))
Gal(F/Fq) is surjective. On the other hand, Tate [15] proved that
cl1A0 is surjective for all abelian varieties over finite fields. Therefore all Tate
classes of degree 1 are divisor classes on A. The elements of theQℓ-subalgebra
of Tℓ(A) :=
⊕
i≥0
T iℓ (A) generated by T
1
ℓ (A) are called the the Lefschetz classes
on A. If all ℓ-adic Tate classes on A are Lefschetz, then the Tate conjecture
holds for A. But there are examples where not all Tate classes are Lefschetz
and the Tate conjecture holds ([9, Example 1.8]). If A is a product of elliptic
curves, then all ℓ-adic Tate classes on A are Lefschetz by a result of Spiess
[13]. Zarhin [19], Lenstra and Zarhin [6] gave other example (c.f. [9, A.7]).
Kowalski [5] proved that for certain simple ordinary abelian varieties, all
ℓ-adic Tate classes are Lefschetz. In this paper, for a simple factor of the
Jacobian of Fermat curve of prime degree, we give a necessary and sufficient
condition for which all ℓ-adic Tate classes are Lefschetz.
Let m be a positive integer prime to p. Let Jm be the Jacobian of Fermat
curve of degree m defined by the equation
xm0 + x
m
1 + x
m
2 = 0 ⊂ P
2
Fq
.
Shioda-Katsura [10, Proposition 3.10] proved that Jm is isogenous to a prod-
uct of supersingular elliptic curves if and only if pν ≡ −1 mod m for some
ν. If m is a prime l different from p, then the condition that pν ≡ −1 mod l
for some ν is equivalent to the condition that the residual degree f of p in
Q(µl) is even. Hence if f is even, then a simple factor A of Jl is isogenous
to a supersingular elliptic curve over F. In this case, all ℓ-adic Tate classes
on all powers of A are Lefschetz. In this paper, we consider in case that f is
odd.
To state main result, we recall Jacobi sum. Let α be an element of the
set
A1l :=
{
(a0, a1, a2) | ai ∈ Z/l, ai 6≡ 0, a0 + a1 + a2 ≡ 0
}
.
Then Jacobi sum j(α) is defined by
j(α) = −
∑
1+v1++v2=0
vi∈F
×
pf
ψ(v1)
a1ψ(v2)
a2 .
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Here ψ is a fixed character of order l of F×
pf
. By definition, j(α) ∈ Q(µl)
where µl is the set of l-th root of unity. We identify (Z/l)
× with the Galois
group of Q(µl)/Q.
Let A0 be an absolute simple factor of the Jacobian of Vl over Fpf and
let A := A0 ⊗ F. We denote by C(A) the center of EndF(A) ⊗ Q. Let π0
be the Frobenius endomorphism of A0. Then π0 can be given by Jacobi sum
(cf. [20]): π0 = j(α) for some α ∈ A
1
l . Therefore C(A) = Q(j(α)) and
C(A) ⊂ Q(µl).
Our main result is the following:
Theorem 1.1. Let l be an odd prime number different from p. Let A be a
simple factor of the Jacobian of the Fermat curve of degree l over F. Let
α = (a0, a1, a2) be an element of A
1
l such that C(A) = Q(j(α)). Let Hα be
the Galois group of Q(µl)/C(A). Then all ℓ-adic Tate classes on all powers
of A are Lefschetz if and only if for any odd Dirichlet character χ of (Z/l)×
with χ|Hα = 1,
2∑
i=0
χ(ai) 6= 0.
In particular, all ℓ-adic Tate classes on all powers of A are Lefschetz in
the following cases:
(1) [C(A) : Q)] 6≡ 0 mod 6,
(2) α is equal to an element of the form (a, a, b) up to permutation,
(3) [C(A) : Q)] = 2s+1 · 3 (s ≥ 0).
Corollary 1.2 (Corollary 4.1). Let l be an odd prime number different from
p. Let J(Cl) be the Jacobian variety of the hyperelliptic curve
Cl : y
2 = xl − 1.
Then all ℓ-adic Tate classes on all powers of J(Cl) are Lefschetz.
This corollary is an analogue of Shioda’s result on Hodge conjecture for
J(Cl)/C ([12, Corollary 5.3]). In case that p ≡ 1 mod l, Shioda’s argument
in [12] works over finite fields and shows that the above corollary holds.
The argument also shows that not all ℓ-adic Tate classes are Lefschetz and
the Tate conjecture holds for J(C9). However in case that p 6≡ 1 mod l,
the argument needs a similar result to the key lemma in Shioda’s argument
which is not proven (cf. [11, p. 181, Lemma]). In this paper, we use other
argument. More precisely we use Milne’s result [9] on the Tate conjecture
(see §2).
The key of the proof of Theorem 1.1 is to give a necessary and sufficient
condition for which all ℓ-adic Tate classes are Lefschetz for simple abelian
varieties in terms of a matrix as follows: for a simple abelian variety A over
3
F, we define a matrix TA whose rank depends only on A (see §3). Using
Milne’s result, we prove the following:
Theorem 1.3 (Theorem 3.1). Let A be a simple abelian variety over F of
dimension ≥ 2. Then all ℓ-adic Tate classes on all powers of A are Lefschetz
if and only if rank TA = r. Here r is the half of the number of all distinct
embeddings C(A)→ C.
This paper is organized as follows: in §2, we recall Milne’s result on the
Tate conjecture. In §3, we prove Theorem 1.3 and we calculate the matrix
TA in a special case (Theorem 3.4). In the last section, we prove Theorem
1.1 using the necessary and sufficient condition.
Notation
Through this paper, Qal denotes the algebraic closure of Q in C. For a finite
e´tale Q-algebra E, ΣE := Hom(E,Q
al). If E is a field Galois over Q, we
identify ΣE with the Galois group Gal(E/Q).
For a finite set S, ZS denotes the set of functions f : S → Z.
An affine algebraic group is of multiplicative type if it is commutative
and its identity component is a torus. For such a group W over Q, χ(W ) :=
Hom(WQal ,Gm) denotes the group of characters of W .
For a finite e´tale Q-algebra E, (Gm)E/Q denotes the Weil restriction
ResE/Q(Gm) which is characterized by χ((Gm)E/Q) = Z
ΣE .
For an abelian variety A over F, End0F(A) denotes EndF(A)⊗Q, and C(A)
denotes the center of End0F(A).
2 Milne’s result on the Tate conjecture
We recall Milne’s result on the Tate conjecture. For an abelian variety A
over F, there are three important groups of multiplicative type L(A), M(A)
and P (A) which act on H2∗(A) :=
⊕
i≥0
H2i(A,Qℓ(i)). These groups are intro-
duced by Milne [7], [8], [9], who proved that these groups are characterized
by the following properties (see [9, p. 14, Lemma]): for all r,
(a) H2∗(Ar)L(A) is the space of Lefschetz classes.
(b) H2∗(Ar)M(A) is the space of algebraic classes, provided numerical equiv-
alence coincides with ℓ-adic homological equivalence.
(c) H2∗(Ar)P (A) is the space of ℓ-adic Tate classes on Ar.
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Statement (a) is proved by Milne [7]. Statement (b) is proved by using a
result of Jannsen [4]. Clozel [1] proved that for an abelian variety A over
F, there is a set of primes ℓ of positive density for which ℓ-adic homological
equivalence and numerical equivalence coincide. Deligne [2] gives a more
precise version of Clozel’s result. Statement (c) is almost by definition of
P (A). The following theorem is due to Milne [9, p. 14, Theorem]:
Theorem 2.1. Let A be an abelian variety over F. Then P (A) ⊂ M(A) ⊂
L(A), and
(i) the Tate conjecture holds for A if and only if P (A) = M(A);
(ii) all ℓ-adic Tate classes on all powers of A are Lefschetz if and only if
P (A) = L(A).
We now recall the definitions of the Lefschetz group and the group P as-
sociated to an abelian variety over F, and recall a description of the character
group of these groups. For properties and results on the groups, we refer to
Milne [7], [8] and [9].
Let A be an abelian variety over F. A polarization λ : A → A∨ of A
determines an involution of End0F(A) which stabilizes C(A). The restriction
of the involution to C(A) is independent of the choice of λ. By †, we denote
this restriction on C(A).
Definition 2.2 ([7, 4.3, 4.4], [8, pp.52-53], [9, A.3]). The Lefschetz group L(A)
of A is the algebraic group over Q such that
L(A)(R) = {α ∈ (C(A)⊗R)× | αα† ∈ R×}
for all Q-algebras R.
We can describe L(A) as a subgroup of (Gm)C(A)/Q in terms of characters
as follows ([9, A.7]): L(A) is a subgroup of (Gm)C(A)/Q whose character group
is
ZΣC(A)
{g ∈ ZΣC(A) | g = ιg and
∑
g(σ) = 0}
. (2.1)
Here ιg is a function sending an element σ of ΣC(A) to g(ισ), and
∑
g(σ)
denotes
∑
σ∈ΣC(A)
g(σ).
Definition 2.3 ([8, §4], [9, A.7]). Let A0 be a model of A over a finite field
Fq ⊂ F, and let π0 be the Frobenius of A0. Then the group P (A) of A is
the smallest algebraic subgroup of L(A) containing some power of π0. It is
independent of the choice of A0.
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To state Milne’s result on the character group of P , we introduce Weil
numbers and some notion which is related to Weil numbers. A Weil q-number
of weight i is an algebraic number π such that qNπ is an algebraic integer
for some N and the complex absolute value |σ(π)| is qi/2, for all embeddings
σ : Q[π] → C. Then π is a unit at all primes of Q[π] not dividing p. We
define the slope function sπ of π as follows: for any prime p dividing p of a
field containing π,
sπ(p) =
ordp(π)
ordp(q)
. (2.2)
For the definition of Weil numbers, sπ(p) + sπ(ιp) = i(= wt(π)). Here ι is
complex conjugation on C. The slope function determines a Weil q-number
up to a root of unity.
Let π be a Weil pf -number and let π′ be a Weil pf
′
-number. We say π
and π′ are equivalent if πf
′
= π′f · ζ for some root of unity ζ . We define a
Weil germ to be an equivalent class of Weil numbers. For a Weil germ π, the
slope function and weight of π are the slope function (see (2.2)) and weight
of any representative of π, and Q[π] is defined to be the smallest subfield of
Qal containing a representative of π.
Now assume that A is simple and that End0F(A) = End
0
Fq
(A0). Then the
Frobenius endomorphism π0 of A0 generates C(A) over Q, i.e. C(A) = Q[π0].
We know that the Frobenius endomorphism π0 of A0 is a Weil q-number of
weight 1. Let πA denote the germ represented by π0. Milne’s result on the
character of P (A) is the following ([9, A.7]): let g be a character of L(A).
Then g is trivial on P (A) if and only if for all primes v dividing p of a field
containing all conjugates σ(π0),
∑
σ∈ΣC(A)
g(σ)sσπA(v) = 0. (2.3)
Note that sσπA(v) = sπA(σ
−1v).
3 Necessary and sufficient condition
Let A be a simple abelian variety over F. Let A0 be a model of A over
a finite subfield Fq ⊂ F with property that EndFq(A0) = EndF(A). We
take a finite Galois extension K of Q containing all conjugates of C(A).
Let {p1, . . . , pd} be the set of primes of K dividing p. We assume that
dimA ≥ 2. Then C(A) is totally imaginary and CM field (cf. [16, p. 97]).
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Let {σ1, . . . , σr, ισ1, . . . , ισr} be the set of all distinct embeddings C(A)→ C.
We define a d× r matrix TA as follows:
TA = (aij), aij := sσjπ0(pi)−
1
2
(1 ≤ i ≤ d, 1 ≤ j ≤ r).
Then the matrix TA is independent of the choice of the model A0/Fq, but
depends on the ordering of the pi and the σj . The rank of TA depends only
on A. Using Milne’s result on the character group of L(A) and P (A), we
prove the following:
Theorem 3.1. Let A be a simple abelian variety over F of dimension ≥ 2.
Then P (A) = L(A) if and only if rank TA = r.
We first describe the kernel of the natural map ZΣC(A) → χ(L(A)) in
terms of a matrix. Let J be the (r + 1)× 2r matrix
(
Ir −Ir
0 B
)
, B =
(
1 · · · 1
)
where Ir is the r × r identity matrix. We consider the set of character
functions for σi, ισi as a basis of Z
ΣC(A) . We then have the following:
Lemma 3.2. The kernel of the natural map φ : ZΣC(A) → χ(L(A)) coincides
with the kernel of the map ZΣC(A) → Zr+1 defined by J .
Proof. From (2.1), the kernel of φ is {g ∈ ZΣC(A) | g = ιg and
∑
g(σ) = 0}.
Here ιg is a function sending an element σ of ΣC(A) to g(ισ), and
∑
g(σ)
denotes
∑
σ∈ΣC(A)
g(σ). Therefore the kernel of φ is the kernel of the map
ZΣC(A) → Z2r+1 defined by the (2r + 1)× 2r matrix
J ′ :=

 Ir −Ir−Ir Ir
B B

 .
By row operations, J ′ is equivalent over Z to

Ir −Ir0 2B
0r 0r


where 0r is the r × r matrix with all entries equal to 0. From this we have
Ker(J) = Ker(J ′).
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Next we describe the condition (2.3) in terms of a matrix. Let T ′ be the
d × 2r matrix (U V ), where U is the d × r matrix (sσjπ0(pi)) and V is the
d × r matrix (sισjπ0(pi)) (1 ≤ i ≤ d, 1 ≤ j ≤ r). From (2.3), a character g
of L(A) is trivial on P (A) if and only if g belongs to the kernel of the map
ZΣC(A) → Zd defined by T ′. By Lemma 3.2, L(A) = P (A) if and only if
Ker(J) = Ker(T ′). Hence we deduce Theorem 3.1 from the following lemma:
Lemma 3.3. Let notation be as above.
(1) rank T ′ = rank TA + 1.
(2) Ker(J) = Ker(T ′) if and only if rank T ′ = r + 1
Proof. (1) From the equation sσjπ0(pi) + sσjπ0(ιpi) = 1 for all i, j, we easily
see that the matrix T ′ is column equivalent to the d× 2r matrix
(
C 0d×(r−1)
)
, C =


1
U
...
1


where 0d×(r−1) is the d× (r − 1) matrix with all entries equal to 0.
Since the complex conjugation ι ∈ G acts on the set {p1, . . . , pd}, after
renumbering the pi if necessary, there is a positive integer t such that
ιpi = pi+t for 1 ≤ i ≤ t,
ιpi = pi for 2t+ 1 ≤ i ≤ d.
From this, we obtain that for each j,
sσjπ0(pi) + sσjπ0(pi+t) = 1 for 1 ≤ i ≤ t,
sσjπ0(pi) =
1
2
for 2t+ 1 ≤ i ≤ d.
(3.1)
These equations show that the matrix C is row equivalent to the matrix
(
U ′ 0(t+1)×(r−1)
0(d−t+1)×(r+1) 0(d−t+1)×(r−1)
)
, U ′ =


0
U
′′ ...
0
1 · · · 1 2


where U
′′
is the t× r matrix (sσjπ0(pi)−
1
2
) (1 ≤ i ≤ t, 1 ≤ j ≤ r).
On the other hand, from (3.1) we also obtain that the matrix TA is row
equivalent to the matrix (
U
′′
0(d−t)×r
)
.
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Hence
rank T ′ = rank C = rank U
′′
+ 1 = rank TA + 1.
(2) If Ker(J) = Ker(T ′), then clearly rank T ′ = r + 1.
Conversely assume that rank T ′ = r + 1. Then T ′ is row equivalent to a
matrix of the following form(
Ir+1 D
0(d−r−1)×(r+1) 0(d−r−1)×(r−1)
)
.
Put D = (bij). From the equation sσjπ0(pi) + sισjπ0(pi) = 1, we have
1 + bii = 1 if i 6= 1, r + 1,
0 + bij = 1 otherwise.
Hence the matrix (Ir+1 D) is row equivalent to the matrix J , which implies
Ker(T ′) = Ker((Ir+1 D)) = Ker(J).
3.1 Calculation in special case
Applying Theorem 2.1 and Theorem 3.1, we have the following:
Theorem 3.4. Let A be a simple abelian variety over F of dimension ≥ 2.
Assume that C(A)/Q is abelian with Galois group G. Then Then all ℓ-adic
Tate classes on all powers of A are Lefschetz if and only if for any character
ϕ of G with ϕ(ι) = −1,
∑
σ∈G
e(σ)ϕ(σ) 6= 0.
Here e(σ) = sπ0(σp)−
1
2
where p is a prime of C(A) dividing p.
In particular, all ℓ-adic Tate classes on all powers of A are Lefschetz if
one of the following condition holds:
(1) G is cyclic of order 2s+1 (s ≥ 0),
(2) G is cyclic of order 2s+1l with l odd prime and the order of End0F(A)
in the Brauer group Br(C(A)) of C(A) is odd.
To prove this theorem, we need the following proposition:
Proposition 3.5. Let A be a simple abelian variety over F. Assume that
C(A) is Galois over Q. Let G be the Galois group of C(A) over Q. Let p
be a prime ideal of C(A) lying over p. If the decomposition group Gp of p
in C(A) is a normal subgroup of G, then Gp = 1, namely p is completely
decomposed in C(A).
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Proof. Let a prime decomposition of π0 in C(A) be as follows:
(π0) =
∏
σ∈G/Gp
σ(p)eσ .
Let τ be an element of Gp. Since Gp is normal, we have (π0) = (τπ0) as
ideals. From Lemma 3.6 below, we obtain that τ = 1 and that Gp = 1.
Lemma 3.6. Let π be a Weil germ. Let π0 ∈ Q[π] be a representative of
π. Let K be a Galois extension of Q such that Q[π] ⊂ K. Then there is no
elements σ ∈ Gal(K/Q) satisfying the following conditions:
(1) σ fix the ideal (π0),
(2) σ is not trivial on Q[π].
Proof. We assume that there is an element σ ∈ Gal(K/Q) satisfying condi-
tions (1) and (2). From condition (1), there is an unit u of the integer ring
of K such that π0 = u · σπ0. For any τ ∈ Gal(K/Q), we have |τu| = 1 since
|τπ0| = q
1/2. Here we used that π0 is a Weil q-number. Hence u is a root of
unity. Therefore we have πm0 = σπ
m
0 for some m > 0. Since σ acts on the
subfield Q(πm0 ) of Q[π] trivially, Q(π
m
0 ) is not equal to Q[π] by condition (2).
On the other hand, since Q[π] is the smallest field containing a represen-
tative of π, we obtain that Q[π] ⊂ Q(πm0 ). Hence Q(π
m
0 ) = Q[π] which is a
contradiction.
Proof of Theorem 3.4. By Theorem 2.1 and Theorem 3.1, our task is re-
duced to calculate the matrix TA. Since C(A) is Galois over Q, we may take
K = C(A). Put G = {σ1, . . . , σr, ισ1, . . . , ισr}. Here ι ∈ G is the complex
conjugate on C(A). Let p be a prime of C(A) dividing p. By Proposition
3.5, the set {σp | σ ∈ G} is the set of all primes of C(A) dividing p. Let e
be the function G −→ C defined as e(σ) = sπ0(σp)−
1
2
for σ ∈ G. From the
proof of Theorem 3.1, the matrix TA is row equivalent to the matrix(
U
′′
0r×r
)
where U
′′
is the r × r matrix
(
e(σiσ
−1
j )
)
(1 ≤ i, j ≤ r). Since rank TA =
rank U
′′
, we obtain that rank TA = r if and only if det(U
′′
) 6= 0.
Now we calculate det(U
′′
). Let φ be the fixed character of G with φ(ι) =
−1. Let f : G −→ C be the function defined as f(σ) = φ(σ)e(σ) for σ ∈ G.
Then we have
det(U
′′
) = det
((
f(σiσ
−1
j )
))
.
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For any σ ∈ G, we have
f(ισ) = φ(ισ)e(ισ) = −φ(σ)(−e(σ)) = f(σ).
Hence f is a function on G
′
:= G/{1, ι}. Now we need the following lemma:
Lemma 3.7. Let G be a finite abelian group and let f be a function on G
with values in some field of characteristic 0. Then
det
(
f(στ−1)
)
σ,τ∈G
=
∏
ψ
∑
σ∈G
f(σ)ψ(σ).
Here ψ runs over all character of G.
For the proof of this lemma, see [18, Lemma 5.26].
From this lemma, we have
det
(
f(στ−1)
)
σ,τ∈G′
=
∏
ψ
∑
σ∈G′
f(σ)ψ(σ). (3.2)
Here ψ runs over all character of G
′
. Furthermore, by elementary calculation,
we have
RHS of (3.2) =
1
2
∏
ϕ
∑
σ∈G
e(σ)ϕ(σ).
Here ϕ runs over all character of G with ϕ(ι) = −1. By the above argument,
rank TA = r if and only if for any such ϕ,∑
σ∈G
e(σ)ϕ(σ) 6= 0.
This completes the proof of the first assertion of Theorem 3.4.
Now we put E(ϕ) :=
∑
σ∈G
e(σ)ϕ(σ) and prove that E(ϕ) 6= 0 in some
cases. Let g be a generator of G. In case that condition (1) holds, then
E(ϕ) = 2
2s−1∑
i=0
e(gi)ϕ(gi). Since ϕ(g) is a primitive 2s+1-th root of unity, we
have [Q(ζ) : Q] = 2s. Therefore the set {1, ζ, ζ2, . . . , ζ2
s−1} is a base of Q(ζ)
over Q. Therefore if E(ϕ) = 0, then we have
e(1) = e(g) = · · · = e(g2
s−1) = 0.
From this, we have (π0) = (p
n) as ideal in C(A) which is fixed by the action
of ι ∈ G. Here n := ordp(π0). By Lemma 3.6, we have ι = 1, which is a
contradiction. Therefore E(ϕ) 6= 0.
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Next we consider in case that the order of G is 2s+1l with l an odd prime.
Then ϕ(g) is a primitive 2s+1-th root of unity or a primitive 2s+1l-th root of
unity. If ϕ(g) is a primitive 2s+1l-th root of unity and if E(ϕ) = 0, then we
have
r2sl−1∑
i=0
e(gi)xi = h(x) · (b1x
2s−1 + b2x
2s−2 + · · ·+ b2s−1x+ b2s)
for some bi ∈ Q. Here h(x) := x
2s(l−1)−x2
s(l−2)+ · · ·−x2
s
+1 is the minimal
polynomial to ϕ(g). From this equation, we obtain that for 0 ≤ t ≤ 2s − 1
and for 0 ≤ i ≤ l − 1,
e(g2
si+t) = (−1)ie(gt). (3.3)
Then the ideal (π0) is fixed by g
l because equation (3.3) holds. This is a
contradiction by Lemma 3.6. Hence E(ϕ) 6= 0.
If ϕ(g) is a primitive 2s+1-th root of unity and if E(ϕ) = 0, then by a
similar argument in case that ϕ(g) is a primitive 2s+1l-th root of unity, for
each 0 ≤ t ≤ 2s − 1 we have
l−1∑
i=0
(−1)ie(g2
si+t) = 0.
On the other hand, let n be the order of End0F(A) in the Brauer group
Br(C(A)) of C(A). By class field theory, n is the smallest integer such that
n · invv(End
0
F(A)) belongs to Z for all prime v of C(A). We here have
invv(End
0
F(A)) = sπ(v)[C(A)v : Qp].
By Proposition 3.5, [C(A)v : Qp] = 1. Hence, for any 1 ≤ t ≤ 2
s we have
n ·
l−1∑
i=0
(−1)ie(g2
si+t) ≡
n
2
mod Z.
Since n is odd from the assumption,
l−1∑
i=0
(−1)ie(g2
si+t) 6= 0. Therefore E(ϕ) 6=
0.
4 Proof of Theorem 1.1
We here prove Theorem 1.1. We introduce some notation: For any c ∈
(Z/l)×, we denote by 〈c〉 the least natural number such that 〈c〉 ≡ c mod l.
We write H for the subgroup of (Z/l)× generated by p. We identify (Z/l)×
with the Galois group of Q(µl)/Q.
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Proof of Theorem 1.1. By a result of Shioda-Katsura mentioned in Introduc-
tion, we may assume that the residual degree f of p in Q(µl) is odd and that
dimA ≥ 2. By Gonza´lez’s result [3, Theorem 3.3], we have
Hα =
{
c ∈ (Z/l)×
∣∣∣ ∑
h∈H
2∑
i=0
〈hcai〉 =
∑
h∈H
2∑
i=0
〈hai〉
}
. (4.1)
Let G be the Galois group of C(A)/Q. Then we have
G ≃ (Z/l)×/Hα.
Let ι ∈ G be the complex conjugation on C(A). Then to give a character
ϕ of G with ϕ(ι) = −1 is equivalent to give a odd Dirichlet character χ of
(Z/l)× with χ|Hα = 1. By Theorem 3.4, it suffices to show that for any odd
Dirichlet character χ of (Z/l)× with χ|Hα = 1,
∑
σ∈G
e(σ)χ(σ) = 0 if and only
if
2∑
i=0
χ(ai) = 0. Here e(σ) = sj(α)(σp)−
1
2
where p is a fixed prime of C(A)
dividing p.
Therefore for a such Dirichlet character χ, we calculate
∑
σ∈G
e(σ)χ(σ). We
first consider e(σ). Let q be a prime of Q(µl) dividing p. Then we have
e(σ) = sj(α)(cq)−
1
2
.
Here c ∈ (Z/l)× is a representative of σ. Hence we have
∑
σ∈G
e(σ)χ(σ) =
1
d
∑
c∈(Z/l)×
e(c)χ(c), (4.2)
where d is the cardinality of Hα and e(c) = sj(α)(cq) −
1
2
. By the ideal
decomposition of j(α) in Q(µl) (cf. [10]), we have
sj(α)(cq)−
1
2
=
1
f
∑
h∈H
2∑
i=0
(〈haic−1〉
l
− 1
)
−
1
2
=
1
fl
2∑
i=0
∑
h∈H
(
〈haic
−1〉 −
l
2
)
.
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From this equation and (4.2),
1
d
∑
c∈(Z/l)×
e(c)χ(c) =
1
fld
∑
c∈(Z/l)×
2∑
i=0
∑
h∈H
(
〈haic
−1〉 −
l
2
)
χ(c)
=
1
fld
2∑
i=0
∑
h∈H
∑
c∈(Z/l)×
(
〈haic
−1〉 −
l
2
)
χ(c)
=
1
fld
2∑
i=0
∑
h∈H
χ(ai)
−1
∑
c∈(Z/l)×
(
〈c〉 −
l
2
)
χ(c)−1
=
1
ld
2∑
i=0
χ(ai)
−1
∑
c∈(Z/l)×
〈c〉χ(c)−1.
Now our task is reduced to show that
∑
c∈(Z/l)×
〈c〉χ(c)−1 6= 0. Let L(s, χ) be the
L-series attached to χ. Then L(1, χ) 6= 0 by [18, Corollary 4.4]. Furthermore
by [18, Theorem 4.9], we have
∑
c∈(Z/l)×
〈c〉χ(c)−1 = b · L(1, χ), (b ∈ C×).
Hence the proof of the first assertion of the theorem is complete.
Next we consider in case (1). Let g be a generator of (Z/l)×. Let χ be
an odd Dirichlet character of (Z/l)×. Then Ker(χ) is a subgroup of (Z/l)×
generated by gm for some m|(l − 1). Now l − 1 = mk for some k > 0. If
2∑
i=0
χ(ai) = 0, then 1 + χ(a1a
−1
0 ) + χ(a2a
−1
0 ) = 0. Since χ(c) is a root of
unity, by elementary computation χ(a1a
−1
0 ) is a primitive cubic root of unity.
Hence m is divided by 3. Moreover since χ(−1) = −1 and −1 ≡ g
l−1
2 , we
obtain that m does not divide l−1
2
. Hence m is even and k is odd. Therefore
m ≡ 0 mod 6.
From the above argument, we see that if l − 1 6≡ 0 mod 6, then the
order of χ is not divided by 6. Therefore we may assume that l − 1 ≡ 0
mod 6. Let H
′
be the subgroup of (Z/l)× generated by g6. If [C(A) : Q] 6≡ 0
mod 6, then Hα 6⊂ H
′
. For any odd character χ of (Z/l)× with χ|Hα = 1,
we obtain that Ker(χ) 6⊂ H
′
. Therefore the order of χ is not divided by 6.
From the above argument, we see that
2∑
i=0
χ(ai) 6= 0 for any such χ. Hence
the assertion follows from the first assertion of the theorem.
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Case (2) is easy. Let χ be an odd Dirichlet character of (Z/l)×. If
α = (a0, a1, a2) = (a, a, b) up to permutation and if
2∑
i=0
χ(ai) = 0, then
χ(a−1b) = −2. This is a contradiction because φ(c) is a root of unity.
Lastly we consider in case (3). From Theorem 3.4(˙2), it suffices to show
that the order n of End0F(A) in the Brauer group Br(C(A)) of C(A) is odd.
By the proof of Theorem 3.4, the order n is the smallest integer n such that
n · sj(α)(v) belongs to Z for all prime v of C(A). Now sj(α)(v) =
m
f
for some
m ∈ Z. Therefore n is a divisor of f . Since f is odd, n is also odd.
Corollary 4.1 (Corollary 1.2). Let l be an odd prime number different from
p. Let J(Cl) be the Jacobian variety of the hyperelliptic curve
Cl : y
2 = xl − 1.
Then all ℓ-adic Tate classes on all powers of J(Cl) are Lefschetz.
Proof. The hyperelliptic curve Cl is a quotient of the Fermat curve Vl (cf.
[12, §5]). By Gonza´lez’s result [3, Theorem 3.3], J(Cl) is a power of a simple
abelian variety A such that C(A) = Q(j(α)) for some α = (a, a, b) (cf. [12]).
Now the assertion follows from Theorem 1.1(˙2).
Acknowledgements The author expresses his gratitude to Professors Thomas
Geisser and Kanetomo Sato for many helpful suggestions and comments, and
to Daisuke Shiomi for valuable discussion. Thanks are also due to the referee.
In particular, Corollary 1.2 was suggested by him/her.
References
[1] Clozel, L.: Equivalence nume´rique et e´quivalence cohomologique pour
les varie´te´s abe´liennes sur les corps finis, Ann. of Math. (2) 150, 151–
163 (1999)
[2] Deligne, P.: Equivalence nume´rique, e´quivalence cohomologique, et
the´orie de Lefschetz des varie´te´s abe´liennes sur les corps finis. [Nu-
merical equivalence, cohomological equivalence, and Lefschetz theory
of abelian varieties on finite fields] Edited by L. Clozel. Pure Appl.
Math. Q. 5, no. 1, 495–506 (2009)
[3] Gonza´lez, J.: Fermat Jacobians of Prime Degree over Finite Fields.
Canad. Math. Bull. Vol. 42(1), 78-86 (1999)
15
[4] Jannsen, U.: Motives, numerical equivalence, and semisimplicity. In-
vent. Math. 107, 447-459 (1992)
[5] Kowalski. E.: Weil numbers generated by other Weil numbers and tor-
sion fields of abelian varieties. J. London Math. Soc. (2) 74, 273?288
(2006)
[6] Lenstra, H. W., Zarhin, Y. G.: The Tate conjecture for almost ordi-
nary abelian varieties over finite fields. Advances in Number Theory
(Kingston, Ontario, 1991), Oxford Sci. Publ., Oxford Univ. Press,
New York, 179-194 (1993).
[7] Milne, J. S.: Lefschetz classes on abelian varieties. Duke Math. J. 96,
639-675 (1999a)
[8] Milne, J. S.: Lefschetz motives and the Tate conjecture. Compositio
Math. 117, 47-81 (1999b)
[9] Milne, J. S.: The Tate Conjecture for Certain Abelian Varieties over
Finite Fields, Acta Arith. 100, 135-166 (2001)
[10] Shioda, T., Katsura, T.: On Fermat varieties. Toˆhoku J. Math. 31,
97-115 (1979)
[11] Shioda, T.: The Hodge Conjecture for Fermat Varieties. Math. Ann.
245, 175–184 (1979)
[12] Shioda, T.: Algebraic Cycles on Abelian Varieties of Fermat Type.
Math. Ann. 258, 65–80 (1981)
[13] Spiess, M.: Proof of the Tate conjecture for products of elliptic curves
over finite fields. Math. Ann. 314, 285-290 (1999)
[14] Tate, J.: Algebraic cycles and poles of zeta-functions. Arithmetic
Algebraic Geometry. Harper and Row, New York, 93–110 (1965)
[15] Tate, J.: Endomorphisms of abelian varieties over finite fields. Invent.
Math. 2, 134-144 (1966)
[16] Tate, J.:Classes d’isoge´nie des varie´te´s abe´liennes sur un corps fini
(d’apre`s T. Honda). Se´minaire Bourbaki 352, 95–110 (1968/69)
[17] Tate, J.: Conjectures on Algebraic Cycles in ℓ-adic Cohomology. Pro-
ceedings of Symposia in Pure Math. 55.1, 71-83 (1994)
16
[18] Washington, L. C.: Introduction to Cyclotomic Fields. Grad. Texts
in Math. 83, Springer-Verlag New York (1982)
[19] Zarhin, Y. G.: Abelian varieties of K3 type. Se´minaire de The´orie des
Nombres, Paris, 1990-1991, Progr. Math. 108, Birkha¨user Boston,
Boston, 263-279 (1993)
[20] Weil, A.: Number of solutions of equations in finite fields. Bull. Amer.
Math. Soc., 55, 497–508 (1949)
17
